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Microscopic Description of Coherent Transport by Thermal Phonons
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We demonstrate the coherent transport of thermal energy in superlattices by introducing a mi-
croscopic definition of the phonon coherence length. We demonstrate how to distinguish a coherent
transport regime from diffuse interface scattering and discuss how these can be specifically controlled
by several physical parameters. Our approach provides a convenient framework for the interpreta-
tion of previous experiments and thermal conductivity calculations and paves the way for the design
of a new class of thermal interface materials.
PACS numbers: 65.40.-b, 66.70.-f, 63.22.Np, 68.35.Ja
Understanding the heat transport in condensed mat-
ter as well as at atomic interfaces is a challenging the-
oretical issue in solid-state physics [1, 2]. Semiconduc-
tor superlattices (SL) have drawn attention for the past
years for their potential application in thermoelectricity
[3] as well as in micro [4] and opto-electronics [1]. The
thermal properties of phonon SLs have been widely in-
vestigated numerically [5–12] and experimentally [13–16].
A phonon SL corresponds to a periodic arrangement of
different crystalline materials. It forms a super-period
that confers an additive symmetry to the natural crystal
periodicity which can impact the phonon dispersion rela-
tion and subsequently the thermal transport properties
in different ways.
For SLs with perfect interfaces, it has been widely re-
ported [5, 7–14] that a minimum of the cross-plane ther-
mal conductivity appears at a particular period thick-
ness dc depending on the nature of the materials. On
the other hand, for SLs with imperfect interfaces -e.g.
structural interfacial defects [9–12] or pressure induced
by the lattice-parameter mismatch [6, 8] - the cross-plane
thermal conductivity increases monotonically with the
period thickness. More recently, it has been experimen-
tally observed [16] that phonons can propagate ballisti-
cally in SLs due to the coherence of the wave packets.
The concept of phonon coherence was invoked in most of
these works to explain the thermal conductivity trends
but no direct quantitative evidence of coherence by ther-
mal waves has been demonstrated so far. This concept,
which is formally discussed in this paper, should not be
mixed up with the coherence of sub-terahertz acoustic
phonons [17, 18] which have much longer wavelength than
the thermal phonons and do not play a key role in ther-
mal physics.
In this Letter, we define and demonstrate the spatial
coherence of thermal phonons in superlattices. We pro-
vide a microscopic definition of their coherence length lc
and we formally present how to calculate the frequency
dependent coherence length.
We first recall that any coherence phenomena can be
formalized as a correlation. For instance, the spatial co-
herence of light is related to the spatial correlations of
the electromagnetic field [19–22], the spatial coherence of
electrons also involves the spatial correlations of the elec-
tromagnetic field [23] and the spatial coherence of Bose-
Einstein condensates arises from the spatial correlations
of wave functions [24–26]. All those models are based
on the second order coherence theory [27]. We propose
here to extend this idea to thermal phonons by postulat-
ing that the spatial phonon coherence lc corresponds to
the spatial correlations of the displacement field of the
crystal atoms. When two atoms are separated by a dis-
tance l within a phonon wave packet (Figure 1), they
oscillate with a given phase relationship. Hence, the per-
sistence over which this phase remains preserved at l+∆l,
while increasing ∆l, corresponds to the phonon coherence
length lc.
To formalize this statement, the velocity field ~v (~r 0γi , t)
of crystal atoms is considered, where ~r 0γi corresponds to
the equilibrium position of the atom γ belonging to the
unit cell i. This atomic position is decomposed as
~r 0γi = ~r
0
i + ~r
γ , (1)
where ~r 0i stands for the position of the cell i at equilib-
rium and ~r γ the position of the atom γ within the cell.
We define an orthogonal basis with ~e// the direction
along which the correlations will be done, ~e⊥ 1 and ~e⊥ 2
two orthogonal vectors to ~e//.
We introduce the mutual coherence function
Γαβ(|zm − zn|, τ), with (m,n) ∈ {1, N//}
2, between two
transverse planes of coordinates zm and zn along the
direction ~e//:
2Γαβ(|zm − zn|, τ) =
1
kBT N⊥
Nc∑
i=1
Nc∑
j=1
Nb∑
γ=1
√
mγim
γ
j 〈 v
α(~r 0γi , t)v
β(~r 0γj , t+ τ) 〉 δ
[(
~r 0i − ~r
0
j
)
.~e⊥ 1
]
δ
[(
~r 0i − ~r
0
j
)
.~e⊥ 2
]
.
δ
[
~r 0i .~e// − zm
]
δ
[
~r 0j .~e// − zn
]
,(2)
where Nc is the total number of cells in the crystal, Nb
the number of atoms in the cell basis, N// the number of
cells along the direction ~e//, N⊥ the number of cells in
the orthogonal plane to ~e//, m
γ
i the mass of the atom γ
in the cell i, kB the Boltzmann constant, δ[x] the Dirac
function, the superscripts α and β two components of
the vector field and T the system temperature which can
be computed as T = (3Nat kB)
−1
∑
i
miv
2
i , with d the
dimensionality of the system and Nat the total number
of atoms in the system.
FIG. 1: Schematic representation of a phonon wave packet on
a superlattice composed of two materials A and B.
Taking the Fourier transform of Equation 2 gives the
cross-spectral density function Wαβ(|zm − zn|, ω) (Note
than Eq.2 can be also obtained with the atomic displace-
ments ui instead of atomic velocities vi, provided that a
factor ω2 is included in Eq. 2). The super-scripts α and
β are next removed to simplify the notation. The coher-
ence length is defined as the decay of the spatial cross-
correlation. Therefore, we extract the spatial phonon
coherence length lc(ω) by computing the variance of the
cross-spectral density function [25, 26] as
l2c(ω) =
∑N//
m=1
∑N//
n=1 |W (|zm − zn|, ω)|
2(zm − zn)
2
∑N//
m=1
∑N//
n=1 |W (|zm − zn|, ω)|
2
. (3)
It is also possible to compute the spatial coherence
length from the degree of coherence [21]. We checked
that both give similar results.
To capture the statistical fluctuations of the velocity
field ~v (~r 0γi , t), we have employed Molecular Dynamics
simulations. We have first modeled argon SLs (FCC unit
cell), which have a short phonon MFP [8], by using a
Lennard-Jones potential [28] at 40 K. The interatomic
potential between atoms of two different layers has been
set following an arithmetic mean [29]. Periodic boundary
conditions have been applied along the interface cross-
section (2.5x2.5 nm2) with a constant system length L
of 80 nm (16,000 atoms) to avoid any size (statistical)
effect. The SLs have been relaxed in the NPT ensemble
for 2 ns. The time step is fixed at dt= 1 fs. Equilib-
rium trajectories of 250 ps with 10 ensemble average in
the NVE ensemble are considered to compute the cross-
spectral density function.
The local density of states (LDOS) is first computed
in the microcanonical ensemble (NVE) for various layer
thicknesses, by calculating the trace of the cross-spectral
density function W (|zm − zn|, ω). Results are depicted
on Figure 2. As dSL increases, a clear evidence of the
phonon band folding is observed below dSL = 4 nm.
Above 4 nm, the phonon LDOS no longer depends on
dSL. The corresponding phonon coherence lengths are
also presented on Figure 2 only for longitudinal phonons
(along ~e⊥). The transverse phonon case will be discussed
later. For dSL ≤ 4 nm, lc decreases when dSL increases,
while it becomes independent from dSL for larger period
thickness.
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FIG. 2: Spatial phonon coherence length normalized by the
system length and the respective LDOS for argon superlat-
tices for increasing period thickness dSL from 1 nm to 16 nm.
The quantity log10 (lc(ω)/dSL) is depicted on Fig-
ure 3. If lc(ω) > dSL, log10 (lc(ω)/dSL) > 0 and the
3phonon transport is governed by band folding effects of
the supercell, otherwise, the phonon wave packets are
subjected to interface scattering. For dSL ≤ 4 nm,
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FIG. 3: log
10
(lc(ω)/dSL) calculated for the whole phonon
frequencies spectrum. When log
10
(lc(ω)/dSL) > 0 (resp. <
0), the phonon transport is coherent (resp. incoherent), the
wave packet spatial extension is larger (resp. smaller) than
dSL. The horizontal dotted line indicates the threshold be-
tween a coherent and an incoherent regime.
log10 (lc(ω)/dSL) ≥ 0, the phonon transport is coherent
that is governed by zone folding effects. It corresponds
to a regime where the wave packet propagates ballisti-
cally (without scattering at the interfaces), as it has been
experimentally observed in GaAs/AlAs SLs [16]. For
dSL > 4 nm, the spatial coherence length of the dom-
inant phonon frequencies have the same order of mag-
nitude or are smaller than dSL. The phonon transport
is no longer prescribed by zone folding effects and the
wave packets undergo interface scattering. Interestingly,
4 nm coincides with the critical thickness dc at which the
trend of the corresponding thermal conductivity reverses
[8]. From this, we propose the following definition: The
coherence length (lc) of the phonon modes corresponds to
the spatial extension of their associated wave packets. If
lc is much smaller than the characteristic system size, i.e.
the superlattice period dSL), the mode is said incoherent
because it is scattered by the interface. If a major part
of the modes is incoherent, the heat transport regime is
then dominated by interface scattering. In the contrary
case, the thermal transport is governed by the propaga-
tion of wave packets that do not scatter at the interfaces
and are built from eigen-modes of a zone-folded phonon
dispersion relation.
We now turn to a more realistic system made of silicon
and germanium. In addition to its technological inter-
ests [30] and contrary to argon SLs, the dominant MFP
Λ is larger than the system length L. In this study, the
Stillinger-Weber potential [31] has been considered. To
avoid any pressure effect at the interfaces, we have as-
sumed Ge atoms with a mass mGe = 2 mSi and with the
same potential than silicon atoms to preserve the acoustic
impedance mismatch. L is set to 40 nm (32,000 atoms).
To extract the equilibrium trajectories, the same simula-
tion parameters than for the case of argon SLs have been
used.
The effect of the period thickness dSL is first inves-
tigated at 300 K on both longitudinal (along ~e//) and
transverse (along ~e⊥ 1 and ~e⊥ 2) phonons. The quantity
log (lc(ω)/dSL) is plotted on Figure 4. No significant dif-
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FIG. 4: (a) log
10
(lc(ω)/dSL) for longitudinal phonons for
silicon/germanium superlattices with period thickness rang-
ing from 1 nm to 8 nm. (b) log
10
(lc(ω)/dSL) for trans-
verse phonons for silicon/germanium superlattices with pe-
riod thickness ranging from 1 nm to 8 nm. Coherence is ob-
served below dSL = 4 nm.
ference between longitudinal and transverse phonons is
observed. For the sake of clarity, all the following con-
siderations are developed for longitudinal phonons but
can be generalized for transverse ones. As dSL increases,
lc decreases up to 70% between dSL = 1 nm and 8 nm.
Moreover, the optical phonons are dramatically affected
while increasing the layer thickness, much more than low
frequency phonons. Here, the transition from a coherent
to an interface diffuse transport leads to a characteristic
length dc between 4 and 8 nm.
The temperature effect is next investigated on the SL
with the highest coherence properties - e.g. dSL = 1
nm. The corresponding lc is plotted on Figure 5 for tem-
4peratures ranging from 300 K to 1,000 K. Increasing the
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FIG. 5: (a) Spatial phonon coherence length lc(ω) normalized
by the system length L for silicon superlattices with dSL = 1
nm, for T = 300 K, 600 K, 800 K and 1,000 K. (b) Phonon
DOS of the silicon superlattice with dSL = 1 nm at 300 K.
temperature dramatically alters the coherence properties
with a reduction of lc up to 70% between 300 K to 1,000
K for optical frequencies. The coherence of the low fre-
quency phonons remains very hard to affect.
To investigate how the coherence length can be fur-
ther reduced, we have considered interfacial mixing in a
Si/Ge SL with dSL = 2 nm. For each period of the SL,
N atomic planes at each side of the Si/Ge interface are
modified by exchanging randomly the nature of atoms at
a certain percentage m. Three configurations have been
compared on Figure 6.a: perfect interfaces, and where
interfaces includes 10% and 50% of mixing on only the
first contact plane. For frequencies lower than 3 THz, co-
herence lengths remain weakly damaged by the defected
interfaces although this effect is more pronounced than
for the case of the high temperature. For higher frequen-
cies, lc decreases dramatically. When considering 50%
mixing, the coherence length breaks down for the whole
frequency spectrum above 8 THz. An important aspect
of this study reveals that this effect occurs with a very
small fraction of defect atoms (∼1%) compared to the
total number of atoms.
Figure 6.b further illustrates how the mixing expanded
on several atomic planes [30] destroys the coherence prop-
erties for dSL = 2 nm with only 10% of interfacial mix-
ing. (Note that introducing an interfacial mixing over 4
atomic planes corresponds to an alloy for this SL.) When
increasing the number of atomic planes N with mixing,
lc(ω) decreases dramatically up to two orders of mag-
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FIG. 6: (a) Spatial phonon coherence length lc(ω) normal-
ized by the system length L for Si/Ge superlattices with
dSL = 2 nm for perfect interfaces (N=0), then 10% (N=1;
m=10%) and 50% (N=1; m=50%) interfacial mixing on 1
atomic layer away from each interface. (b) Spatial phonon
coherence length lc(ω) normalized by the system length L for
Si/Ge superlattices with dSL = 2 nm for perfect interfaces
(N=0), then 10% (m=10%) interfacial mixing on N atomic
layers away from each interface, where N∈ {1, 4}.
dSL (nm) 1 2 4 8
κ (W/m/K) 12.49 ± 1.12 8.32 ± 0.6 6.39 ± 0.75 21.34 ± 1.16
G (109 W/m2/K) 12.49 ± 1.12 4.16 ± 0.3 1.60 ± 0.19 2.7 ± 0.145
TABLE I: The cross-plane thermal conductivity κ and the
respective conductance G of perfect Si/Ge superlattices for
thickness dSL from 1 nm to 8 nm at 500 K. The bold value
corresponds to the minimum of the cross-plane thermal con-
ductivity.
nitude when N goes from 1 to 3 for frequencies larger
than 3 THz. Therefore, invoking coherence effects in SLs
where deep interfacial mixing occurs remains only valid
for phonons with a frequency below 3 THz; otherwise,
interfaces are purely diffuse. In addition, it also demon-
strates that part of the phonons are coherent in alloy
systems.
To corroborate our results of coherence to thermal
transport properties, we have computed the cross-plane
thermal conductivity κ of the Si/Ge SLs with a Green-
Kubo approach [32, 33] at 500 K. To unveil interface ef-
fects, the effective thermal conductance G of a period is
derived from κ: G = κ/dSL. The signature of a constant
thermal conductance as function of the period indicates
where diffuse interface scattering occurs. This is illus-
trated for the case of perfect interfaces on Table I.
The minimum of thermal conductivity is recovered for
5dc = 4 nm. Below dc, the thermal conductivity decreases
while increasing the period thickness dSL due to phonon
band folding. Above dc, as the phonon transport is in-
coherent, interface scattering occurs and the effective in-
terface conductance becomes independent from dSl. This
confirms the transition from a coherent to an incoherent
regime predicted by Figure 4. This value dSL = 4 nm
is also consistent with previous experiments on strained
Si/Ge superlattices [13, 14].
In conclusion, we have described the coherence of ther-
mal phonons at the nanoscale by introducing a micro-
scopic definition of the spatial phonon coherence length
lc. We have demonstrated that this length corresponds
to the spatial extension of the phonon wave packet. The
characteristic dimensionless number corresponding to the
ratio of lc to the superlattice period allows to predict
a transport regime of coherent ballistic phonons or dif-
fuse interface scattering and thus to generally explain the
thermal conductivity of superlattices widely reported in
the literature.
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